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A previous formulation of the field correlation function G'(r) of light quasielastically scattered from suspensions of rigid
rods undergoing anisotropic translational as well as rotational diffusion (T. Maeda and S. Fujime, Macromolecules 17 (1984)
1157) was extended to the cases of suspensions of cylinders (length L and radius R), ellipsoids and ellipsoidal shells of
revolution (x2/b% + y2/b? + 22/a? =1). The present formulation includes that for suspensions of rigid rods in the limit of
KR <1 or in the limit of /a << 1 and Kb <1 (an extremely prolate ellipsoid), and also that for suspensions of discs in the
limit of KL <« 1 or in the limit of /a > 1 and Ka <1 (an extremely oblate ellipsoid), where K is the length of the scattering
vector. Explicit forms of G'(7), of the first cumulant T of G'(r) and of the dynamic form factors will be given, and numerical
methods suitable for computation of dynamic form factors will be discussed. The present results can be applied to the analysis
of experimental data for dilute suspensions of thin rods and thin discs. When the situation is favorable, our method can
provide transport coefficients D, D; and © from dynamic light-scattering data only, where D, and D, are, respectively. the
translational diffusion coefficients parallel with the x () and z axes, and © the rotational diffusion coefficient around the x

() axis.

1. Introduction

Dynamic light scattering is a powerful tool for
studying the dynamics of bio-macromolecules and
organelles. Fundamentals of both theoretical and
experimental aspects of this technique will be found
in standard textbooks [1,2], and extensive applica-
tion in recent monographs [3-5]. To the best of
our knowledge, however, there are no reports up to
now on theoretical and experimental studies of
dynamic light scattering from suspensions of discs.
By a disc, we mean a circular plate whose radius is
much larger than its thickness. In this paper, there-
fore, we will present a theoretical basis for the
spectrum of light quasielastically scattered from
suspensions of rigid discs.

First, we will consider light scattering from a

suspension of cylindrical bodies of radius R and
length L. Then, the result can be reduced to that
for a rigid rod when KR < 1 and that for a rigid
disc when KL < 1, where K is the length of the
scattering vector K. Although the formulation for
rigid rods has been presented [6], we again discuss
briefly the theoretical result for rigid rods in order
to clarify the differences and similarities between
spectra for rigid rods and rigid discs.

In the appendices, numerical methods suitable
for computation of dynamic form factors will be
given, and theoretical expressions for dynamic
light-scattering spectra for suspensions of el-
lipsoids and ellipsoidal shells of revolution will be
discussed in connection with the results for discs
and rods.

In the accompanying paper [7], we will give
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experimental results on suspensions of purple
membranes prepared from Halobacterium
halobium, where the present formulation will be
applied to an analysis of experimental spectra.

2. Model

Let us consider a smooth cylinder (length L
and diameter 2R), in which the mass distribution
is uniform (fig. 1a). The position vector r(¢) of a
volume element dv in the cylinder at time ¢ is
given by r(t)= R({) +j(t), where R(t) is the posi-
tion vector of the center-of-mass of the cylinder in
the laboratory-fixed coordinate system [X, Y, Z]
and j(¢) that of the volume element of which
cylindrical coordinates in the molecule-fixed coor-
dinate system (x, y, z) are given by
(p cos ¢, p sin ¢, z). The amplitude of light
scattered from the cylinder in fig. 1 is proportional
to

a(K, 8, t)=exp[iK-R(1)]
X(l/erzL)ff/exp[in(t)] do

This integration can easily be performed in the
molecule-fixed coordinate system: Let §, @ and ¥

Fig. 1. Geometrical relationship. (a) A vectorial relationship
which defines the position vector » of the volume element dv in
a cylinder. R 1s the position vector of the center-of-mass of,
and j the position vector of dv relative to the center of, the
cylinder. The cylinder axis is denoted by z, and the laboratory-
fixed axis parallel with the scattering vector K by Z. (b) The
Eulerian angles (9, @, W) which define the relative orientation
between the laboratory-fixed coordinates [X, Y, Z] and the
molecule-fixed coordinates (x, y, z). The line ON shows the
intersection between the [ X, ¥] and ( x, y) planes, and the line
OL is perpendicular to the line ON.

be the Eulerian angles (fig. 1b). Then, we have
K=][0,0, K]=(—K cos ¢ sin ,K sin @ sin 8,
K cos 8) and K:j= Kp cos(® + ¢)sin 8 +
Kz cos 0, i.c. integration over p dp d¢ dz gives

a(K, ¢, t)=exp[ik-R(1)] x[2J,(Y)/Y]
Xjo(k$)

where Ji(z) is the first-order Bessel function,
Jo{z)=(sin z)/z the zeroth-order spherical Bessel
function, {=cos §, k=KL/2 and Y=KR sin §
=X(1-£2)"7? with X=KR. As expected for a
uniform cylinder, the amplitude a(K, &, ) de-
pends on angle § but not on angles @ and V¥, i.e.,
no effect on a(K, &, t) of rotation of the cylinder
around its z-axis and around the Z-axis keeping 6
unchanged.

The unnormalized field correlation function of
polarized scattered light is given by G'(7)=
{a(K, £, t)a(—K, &, ")), where 1=|r— 1’| and
{...) indicates the statistical average. From our
previous result [6], we have

G(1)=Go(n)xif [ [21(¥)/7]

X [20,(Y) /Y] jo(k£) jo(kE')
X gy (& & r)dgag (1)
where
Gp(r)= CXP[_ {Do -%(Ds - Dl)}KzT]
=exp(— D, K1)

and g, (& & 7) satisfies the following diffusion
equation

(8707 - 0w - w¢?)] gx (&, &5 7)
=8(¢-£€)8(7) (2)
where D, and D, are translational diffusion coef-
ficients along the x(y) and z axes of the cylinder,
respectively, D, = (2D, + D;)/3 the overall trans-
lational diffusion coefficient, @ the end-over-end
rotational diffusion coefficient, p? = (D; —
D,)K?/© the coupling constant between transla-
tional and rotational diffusive motions and Vg =
(8/0€)1 — £2X3/38) the Laplace operator. By
following the previous procedure (6], eq. 2 can
easily be solved: By expanding g, (£, &5 7) in
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terms of the Legendre polynomial P,(£), substitut-
ing it into eq., 2, multiplying both sides by P, (£),
and integrating over £, we have simultaneous
first-order differential equations for the expansion
coefficients 4,(K, £, ), which can be written in
a matrix form as

8A4/31= —OMA (3)

where 4 =[4,, 4,,..., Ay]T (T signifies trans-
position, 4, was truncated at n=N and A4, for
odd # is not required as shown later) and M =
{a, .} with a, =n(n+1)+p*Ly(n), a,, »=
wiLi(n), a,,.»=pLy(n) and other a,, ele-
ments are all zero. L,(n) are given by

Lo(n)=02n*+2n-1)/(2n—1)/(2n + 3)
L(n)y=n(n+1)/(2n—-1)/(2n—3) 4)
Ly(n)=(n+1)(n+2)/(2n+3)/(2n+5)

By using a matrix U which satisfies MU= UA,
where A is a diagonal matrix, we have the solution
of eq. 3 as

A(r) = [Uexp(—@Aﬁr)U“‘] A(0)

with the initial value A4, (K, &, 0)=[2n +
1)/2)P,(£¢"). Then, we have

g, &5 1)
20+ 1

=Z>/: :

X [Uexp(—0AT)U™'],,P(6)P(¢)  (5)

From egs. 1 and S, G'(7) can be written as
G'(1)=Gp(7) X X (21+1)
n |

x [Uexp(—©AT)U '],

X, (X, k)X, k) (6)
=2 P, (X, k) exp(—I;7) (6)
where ’
¢, (X, k)
= [[2A(N)/ Y] (kE)P(£)dE  (even n)
=0 (0dd n)
(7)

P(X, k)=Y 2 21+ 1)U, (n)Ux(1)

X, (X, k)e,(X, k) (8)
I,=[D,=%(D,— D)]K*+\,0 (9)
U,(n)is the (n, p) element of U, UF(/) the (p. /)
element of U~' and A, the (p, p) element of A.

To obtain U and A, machine computation is
generally useful. In some cases, however, perturba-

tion calculation is applicable. The first-order per-
turbation results for U,(») and U} (/) give [6]

P(X, k)= (2p+1)c,(X. k)[c,(X. k)
+2p%Ly(p—-2)

X, (X, k) /(A5 —A8_,)

—2p°Ly(p +2)

X (X K/ (N =A2)] (8)
where AS =p(p+1)+p’Ly(p) is the (p, p) ele-
ment of M. The second-order perturbation result
for A, gives [8]

L,=[Dy— 5(Dy = D)]K> +p(p+1)6
+(D3—D])K2L0(p)
+[4, 2(6) - 4,()][(D - DY /0] K*
(99

The explicit form of Ap(pz) is given in ref. 8.
Using the relationship I =
—(3/dm)In G'(1)|,_,, we have from eq. 6

IT/K*=[D,- (D, — D))]
+{(I/K) LY I+ 1)M,

XCII(X’ k)CI(X' k)/Gl(O)
= [ Dy~ $(Dy — D)] + (RYOh (X, k)
+(D3*D])h2(X, k) (10)
where (R?) is the mean-square radius of gyration

around the x-axis in fig. 1 and G'(0)=2,(2n +
e, (X, k)2 Since M,, is the (n, /) element of
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M, h (X, k) and hy(X, k) are given by

h(X, k)=<—R§1->~72-Z"‘,n(n+l)(2n+l)

xc, (X, k) /G'(0) (11)
(X, k)=Y(2n+1)c,(X, k)| Lo(n)e, (X, k)

+L,(n=2)c,_,(X, k)
+L,(n+2)e, (X, k)] /G'(0) (12)

where (2n - 3)L,(n)=2n+1)L,(n—2) and (2n
+5)L,(n)=(2n + 1)L,(n + 2) were used.

The numerical computation of ¢,(X, k) is not
difficult. When both X and k are not small,
however, the so-called Rayleigh-Debye condition
is not fulfilled and the present expressions have
only qualitative meanings [6]. Furthermore,
¢,( X, k) has two parameters. Therefore, we con-
sider only two limiting cases, X <1 (rod) and
k =<1 (disc).

2.1. Thin rods

In this case, X=KR <1 and 2J(Y)/Y=1.
Then, we have

¢, (0, k)
= [ia(k€)2,(£)a8 = ()5, (k) (even m)
(13)
From eq. 10, we have
T/K?*=[D,— (D, - D))] +(L*/12)0f (k)
+(D;— Dy) f(k) (14)
where f,(k)=h,(0, k) and f,(k)=h,(0, k);
fik) = (3/k*) L n(n+1)(2n + 1)b,(k)*/G'(0)
,, (15)
f,(k) = E 2+ )b, (k) [ Lo ()b, (K)
—-L,(n—2)b,_,(k)
—L,(n+2)b,.,(k)] /G'(0) (16)

Numerical computation of b,(k), f,(k) and f,(k)
is so easy (see appendices A and B) that numerical
results are shown graphically only for later com-
parison; b (k) in fig. 2, and f,(k) and f,(k) in
fig. 3. Eqs. 6 and 14 have been successfully applied
to the analysis of experimental data for dilute
solutions of tobacco mosaic virus [8].

2.2. Thin discs

Since k= KL/2 <« 1and jy(k§)=1,eq. 7 gives
a,(X)=c,(X,0)

1
=2f [A(Y)/ Y] BAE)E (even n) (17)
The factor a,( X) can be calculated analytically;

ag(X)= (2/X)j;"/21,()(sin 8)de

= sin?( X/2)/(X/2)° (18)

from which we know ay(X)=0 for X=2mm
where m is any positive integer. Then, up to the
first order in u?, eq. 8 gives Py(X,0)=0 for
X =2am. Eq. 10 gives

I/K?*=|Dy~}(D;s— D,)] +(R>/4)Og,( X)

+(Dy— Dy)g,( X) (19)
X — — T
L 0 .
2
101; 4 -3
s f ]
a8
.é_
10 ;
r
10'36 o L

5
k-KL/2

Fig. 2. Graphic representation of the dynamic form factors
b, (k) for a rigid rod with length L.
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Fig. 3. Graphic representation of the functions f,(k) and f,(k)
for a rigid rod. Note a slight shoulder in f;(k) at around k = 5.

where g,(X)=h,( X, 0) and g,(X)=h,(X, 0);
g (X)=2/X)Y’Xn(n+1)(2n+1)

X an(X)"z/G‘(O) (20)
gz(X)=)n:(2n + Da,(X)[Lo(n)a,(X)

+Ly(n—2)a,_,(X)

+L1(n+2)an+2(X)]/G](0) (21)
Numerical computation of a,(X), g,(X) and
g,(X) is again so easy (see appendices A and B)
that numerical results are shown graphically for a
later comparison; a,(X) in fig. 4, and g,( X) and
g,(X) in fig. 5.

2.3. Remarks

In the case of long rods, we have D;~ D, >0
and hence u®> 0. For u>> 1 or k> 1, the op-
erator — v} + p2¢? in eq. 2 can be reduced to that
of a harmonic oscillator and we can know analyti-
cally the limiting values of f;(k)->1and f,(k)—0
as k — oo [6]. In the case of large discs, on the
other hand, we have D, — D, < 0 and hence p2 < 0.
In this case, we have no simple way to estimate
analytically the limiting values of g,( X) and g,(X)
at large X. We numerically computed both func-
tions for very large X values (fig. 5) and found
that g,(X)— 2 and g,(X)—1as X — o0.

For a rigid rod with p =0 or D, = D,, M in eq.
3 is diagonal and we have A,=/(/+1) and U=
U™' = E (the unit matrix). Then, we have
[Uexp(— @ATYU '], = exp[— n(n + 1)@7]8,, and,

from eq. 6,
G'(r)=XY S, (k) exp[—{D,K*+ n(n+1)8} 1]

(22)

where S,(k)=(2n+ 1)b,(k)?. This is just the
Pecora result [2] as we have discussed [6,8]. The
time derivative of eq. 22 gives eq. 14 for D, = D,,
where f,(k) does not appear because of the ab-
sence of off-diagonal elements in M. Recent care-
ful experiments on monodisperse suspensions of
tobacco mosaic virus, however, clearly indicated a
quantitative importance of anisotropy in transla-
tional diffusion [8,17].

The G'(7) for a rigid disc with Dy = D, is also
given by eq. 22, provided that S,(k) for a rod is
replaced with H,(X)=(2n+ Da,(X)? for a disc.
Numerical values of our (2n+ 1)a,(X)? agree
with those of analytical expressions for H,( X) (we
thank one of the reviewers who kindly sent us his
unpublished results on H,(X)). In this case again,
g,(X) does not appear in eq. 19. Similarly to the
case of tobacco mosaic virus, however, large ef-
fects of anisotropy in translational diffusion on
I'/K? values and profiles of G'(7) will surely be
detected for monodisperse preparations of rigid
discs with favorable dimensions.

3. Discussion

Since f,(0)=£,(0)=0 and f,(0)=g,(0)=1/3,
we have

T/k?—D, (k<lorX<1)

In either case, suspensions of rigid rods or rigid
discs, we can determine the overall translational
diffusion coefficient D from low-angle data of I
Once we know D, of the rod, the least-squares
analysis by use of eq. 14 provides the values of @
and (D, — D,). Thus, we can obtain transport
coefficients D,, D; and & of a rigid rod from
light-scattering data only, as has been shown for
tobacco mosaic virus [8]. Similarly, we will obtain
D,, D, and © of a rigid disc by use of eq. 19,
provided that the situation is favorable.
Since f,(o0)=1 and f,(c0) =0, we have

T/K:>D +(L*/12)0 (k>1)
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In the long-rod limit, neglect of the end effect
gives @ =12D, /L?, so that we have I'/K?— D,
+ D, at k> 1. From eq. 13 we have

G'(0) =L @n+1)e, (0. k) =4[ jo(kt)’ as

where use was made of 8(£§—-£)=2 [2n+
1)/2]P,(§)P,(§). For large k values, the intensity
G'(0) is exclusively contributed from rods with
orientation § =0 (or perpendicular to K ) because
of a sharp peak of j,(k¢) at £=0. This is the
reason why only D, + D, can be observed at k > 1
[6].

Since g,(«)=2 and g,(oc0)=1, on the other

hand, we have
T/K?>D,+(R*/4)20 (X>1)

Perrins’s formulas give ® = (3 /2) D, /R* for R > a
(the half-thickness of a disc) [11}, so that I /K* —
D, + (3/4)D,. Similarly to the case of rods, we
have from eq. 17

G'(0) =Y. (2n+1)c, (X, 0)°
=lzf_ll[2J1(Y)/Y]zd£

For large X values, the intensity G'(0) is exclu-
sively contributed from discs with orientation £ =

5
X=KR

Fig. 4. Graphic representation of the dynamic form factors
a,(X) for a rigid disc with radius R.

+1 (or the normal to the disc plane is parallel
with K ) because of sharp peaks of [2J,(Y)/Y]? at
£ = +1. This is the reason why only D, + (3/4) D,
can be observed at X > 1.

In an intermediate range of k values, I /K2
values of rods increase almost monotonically as k
increases (fig. 9 given later), although f,(k) has a
slight shoulder at around k=35 (fig. 3). On the
other hand, I'/K? values of discs show distinct
anomaly as shown in fig. 10 (given later). This
arises from fluctuating increases of g, (X) and
g,(X) as shown in fig. 5. The most dominant
contribution to these fluctuating increases is from
anomalous behavior of a,(X), i.e., ay,(X)=0 at
X =2am.

Since extremely prolate and oblate ellipsoids of
revolution correspond to a rod and a disc, respec-
tively, we considered the light-scattering problem
for an ellipsoidal and an ellipsoid shell of revolu-
tion in appendix C.

4. Concluding remarks

If the experimental T'/K? values exceed those
predicted by eq. 14 for reasonable values of D,,
D, and O, we have to take account of a possible
contribution to T'/K? from flexing motions of
long rods, as has been discussed for fd virus
(L =895 nm and 2R = 9 nm) [12-14]. Similarly, if

— o

i e Q0
os
o AP TP
0 5 10
X

Fig. 5. Graphic representation of the functions £:(X) and
8.(X) for a rigid disc. Note that both functions increase
oscillatorily as X increases.
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experimental T'/K? values exceed those expected
from eq. 19 for reasonable values of D,, D, and
@, we have to take account of a possible contribu-
tion to I'/K? from bending motions of discs. A
theoretical model of the effect of bending motions
of discs on G'(7) will be discussed elsewhere.

An application of the present formulation to
the analysis of experimental data is discussed in
the accompanying paper [7].

Appendix A: Alternate expressions for the dynamic
form factors for thin rods and thin discs

To give a little generality to our result, we first
start here from a hollow cylinder whose outer and
inner radii are R and r, respectively. Apart from a
factor exp[iK - R(r)], we have

2 R .
a(K, 4, l)=mj; JO(Kp Slna)p dp

X /L/z e’ tdz (A1)

1
LJ_y,
1

[R2(24(Y)/Y)

==R2—r2
220, (»)/9)} Jo(KE) (A2)

where Y=KR sinf = Xsin8 and y= Kr sin 8=
x sin §. By multiplying both sides of eq. A2 by
1P (&) which comes from gg(§, £ 1), and in-
tegrating over §, we have the dynamic form factors
¢, (X, x, k) for the hollow cylinder as

1

c, (X, x, k)= PER

[ch,,( X, k)—ri,(x, k)]
(A3)

where ¢, (X, k) is given by eq. 7. For k < 1, we
obtain the dynamic form factors a,( X, x) for a
ring as

a, (X, x)=c,(X, x,0)

l 2 —ra\x
=R2—r2[R a,(X)—ria,(x)] (A4)

where a,(X) is given by eq. 17 or eq. A9 given
below.

By use of the formulas [9,10]

H(zsin8)= 3 (dm+1)f(m) () Pon(£)
m=0
(AS)
explizt) = T 24+ D('()R(E)  (A6)

where f(m)=(2m— 1! /(2"m!), we have from
eq. Al

e, (X, x, k)= i §(4m+l)(4q+l)

m=0¢4=0
Xa,, (X, x)(=1)%b,, (k)
XP(2m,2q, n) (A7)

where a,,,( X, x) is given by eq. A4 and
k
by, (k) = (17K) [, (2)dz (A8)

azn(X) = f(m)2/X%) [Tfr(2)zdz  (A9)
P(2m, 2q, n)

1
= (/) [ P (§)P(E)P(6)E  (A10)
Egs. A7, A8 and A9 are alternate expressions of
eqs. A3, 13 and 17, respectively. P(2m, 2g, n)# 0
for even n will be given by Wigner’s 3 symbols
[15].

For a thin hollow cylinder (ie, X—x <1 or
R =r), the integration over p in eq. Al gives
Jo( X* sin @) with X* = KR* and R*=(R+r)/2.
Then, we have the dynamic form factors ¢}( X*, k)
for the thin hollow cylinder as

a(X, k)= Y ¥ (4m+1)(dg+1)(~1)°

m=0 g=0
Xagm(X*)qu(k)P(zm» 2(], n)
(A11)
where
a3, (X*)=f(m) jr( X*) (A12)

Eq. A12 gives the dynamic form factors for a thin
ring.
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Appendix B: Numerical computation of a,,(X)
and b,,,(k)

The direct evaluation of eq. 17 or eq. A9 for
a,,(X) (or eq. 13 or eq. A8 for b, (k)) is not
difficult. However, the following methods are more
appropriate for numerical computation of a,,,(X)
and b,,,(k). By use of an integral formula for the
Bessel function (Re(p + v + 1) > 0) [10]

) F(v+g+l)
N L )
fot#J”(t)dt z F("“M‘*‘l)
2
o p(%ﬂ“)
X Y (v+20+1)
=0 F(”"'—“"ﬁ +1)
2
XJ,,2001(2) (B1)
we have from egs. A8 and A9
o~ 1+4 f(m)
k a(k B2
by, (k) =(2/ )2 ‘ 1+ 3 7() (k) (B2)

+ _
@y (X)= (4/x)[z —
=m
where use was made of j,(z)= (7/2z)/?
XJ, .1 ,,(2). Without numerical integration, eqs.
B2 and B3 give b,(k) and a,(X), respectively.
This is important for their evaluation for very
large values of k and X, respectively. The integra-
tion (or summation) over the argument z of j,,,(z)
is required in egs. A8 and A9, whereas the summa-
tion over the order / of j,,,,(z) is required in eqs.
B2 and B3. To sum over order is much easier than
to sum over argument; no special examination
about the convergence of the result is required in
the former because of the integral nature of /. It
should be noted that the recurrence relation
Ja-1(2) =1@2n + 1)/2)j,(2) =Jj,1(2) (and J,_,(2)
=@n/z2)J,(z)—J,,(z) which will be used in
appendix C) is stable for decreasing n [10]. Al-
though f(m) is a slowly decreasing function of m
and | j,,,.1(2)|<05 for m>1 and z3>0, the
convergence of the summation over / is not poor,
because | j,,,.1(z)| becomes very small above a
certain number of m. At X = 50, for example, we

know 10 ° <| j5,,.1(X)| <1072 for m < 30 and
| Jams1(X)| <107 for m > 55.

A brief description of an algorithm for the
evaluation of b, (k) and a,,,( X) is given below.
Assume that an array AM(0:150) has been re-
served. Our program for 0.1 < X (or k) < 50 runs
in the following steps:

(1) Give an X (or k) value,

(2) set N=30, N,=40and M =14for0.1 < X
{or k) €1.5, or N=2X + 40, N,,,=N+4O and
M=(X+30)/2for1.5< X (or k) £

(3) starting from j, ,;(X)=0 and jN (X)=
1.0 X 107, compute 7,(X) for N>n>0 and
store the normalized j,(X) on AM(n) for each n
(where the normalization of j,(X) was made by
referring j,( X)=(sin X)/X or j(X)=(sin X —
X cos X)/X? the normalization of J,( X) used in
appendix C was made by a relationship J,( X)+
23, (X)=1),

(4) compute f(m) for 0 g m
f(m) on AM(2m) for each m,

(5) compute eq. B3 (or B2) for 0<m< M (in
the direction of increasing m) and m<I<(N/2
—1—m), and store a,,(X) (or b,,(k)) on
AM(2m) for each m,

(6) compute G'(0), g,(X) and g,(X) (or f,(k)
and f,(k)),

(7) type out required results,

(8) return to (1) for the next X (or k) value,
otherwise stop.

Our program was tested by comparing G'(0) =
2 (4m+ Da,, (X)? with P(X)=2/X*)1 -
Ji(2X)/X), and it was found that |G'(0)—
P(X)|/G'(0)< 10~ % The program in FORTRAN
took 3 s for X = 50 with a minicomputer (Nippon
Data General, Nova 02/30), and in BASIC, 20 s
for X=15 and 120 s for X =350 with a desk-top
microcomputer (Hewlett-Packard, HP-85). For a
practical range of X (or k), any desk-top com-
puter can work with a reasonable computation
time. [For very large X (or k) values, we set
N=2X+4+9, N,=N+005X+40 and M=(X
+ 40) /2. In this case, over- and under-flow prob-
lems must be considered at step (3). Our mini-
computer took 280 s for X =1000 (see fig. 5);
most of the time was required at step (5).]

< N/2 and store
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Appendix C: Alternate models

For an ellipsoid of revolution
x? /b2 +y? /b2 + 22 fa =yt (C1)

with r = 1, we have (apart from the factor exp[iK -

R(OD

1
a(K, 4@, t)——m/f dxdyd:z

x exp[iK(—x sin 8 cos ®
+y sin 4 sin @ + z cos §)] (C2)
The integration in eq. C2 can be carried out by the

method of Norisuye and Yu [16]. Letting x = ub,
y =uvb and z = wa, we have

a(X, 8, t)=(3/471)fffz

w+oi+wisl

dudo dw

Xexp[iKb(—u sin 6 cos @
+vsin@sin @ +p~'wcos 8)] (C3)

where p = b/a is the axial ratio (p > 1 for oblate
and 0<p <1 for prolate). Let (p, @, B) be the
polar coordinates of (u, v, w), ie, u=
psin Bcosa, v=psin Bsina and w=pcos fB.
By use of Poisson’s formula [9]

f"dﬁf”f(a cos B+ b sin B cos &
o Jo
+¢ sin B sin «) sin B da
- 27/1 f[(a2 +b*+ cz)l/zs] ds
-1
we have from eq. C3

alK, 8,t)= %L]pzdpf_llexp(ins)ds (C4)

=3[ jo(Ze)edp (Ca)
=3;(Z2)/Z (C47)

where g=1-~p~2, { =cos 8 and
Z=Kb(1 - q£*)'"? (Cs)
— Kb sin 0 (p>1) (C5)
—>Kacos8 (0<p<1) (C5”)

The dynamic form factors d, (K, a, b) for the
ellipsoid of revolution will be given by

d (K, a, b)
-/ '[3/:(2)/Z] P,(£)d¢  (even n)
=0 (odd n)

(Ce)

For limiting ellipsoids, more appropriate expres-
sions than eq. C6 for numerical computation of
d,(Kby=d, (K, a<b) and d,(Ka)=d, (K, a
> b) can be derived as follows: By use of the
formulas [9,10]

sin(zsin0)=2i.lz,+l(z) sin[(2/+1)8] (C7)

%fo”sin[(2l+ 1)8] P,,,(cos 8)d8

= 1 . f(l_m) (I>m)
20+2m+1  f(I+m) - (C8)

=0 (I<m)

and eq. Bl, we have from eqgs. C4’ and C5’
I+ 3 Ji—m)

dy(Kb) = [6/(KBY] T

Sl m+ L f(l+m)
o0
qg+1
xY —47° g (Kb
s (g+Dg+1)"* 2(KP)
(p>1) (C9)

By use of egs. A6 and B1, we have from eqs. C4
and C5”

dy(Ka) = (~1)"[12/(Ka)] f(m) T (1 + 3)
I=m

)

g+3 1.
G+ g+ ) flgle
(0 <p<<1) (ClO)

X

(Ka)

For an ellipsoidal shell, the integration
(3/4m)[[ff(p, a, B)p* sin Bdp dadB in eq. C3
should be replaced by (1/47)((f(1, a,
B)sin B da dB and we have

a(K,0,t)=;(Z) (C11)
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which has been derived by Norisuye and Yu [16].
The dynamic form factors d(K, a, b) for the
ellipsoidal shell will be given by

d:(K, a, b) =f0‘jo(2)a,(£)ds (even n)

=0 (odd n)
(C12)

By use of egs. C7 and C8, we have from egs. C12
and C5§’

i 1
d;,,(Kb)=|1/(Kb —

I=m

fli=m) .
XWJZI+I(KI)) (p 1)

(C13)
From eq. C11 and C5”, we have
d3,.(Ka)=(-1)"b,,(Ka) (0<p<1) (Cl4)

where b,,,(z) is given by eq. B2.

The radius of gyration of the ellipsoid given by
eq. C1 with r=1 around its x-axis is given by
(a®+ b?)/5. Let us define an ellipsoidal shell by
two ellipsoids, eq. C1 with r=1 and r<1. Let

—
\

(/"dp(Ka)

Fig. 6. Graphic representation of the dynamic form factors
(i)'d,(Ka) for an extremely prolate ellipsoid of revolution
with the major radius a. This figure should be compared with
fig. 2.

1g —
L 0 3
ol 2 E
:F 4
102
-3 |
105 5

Fig. 7. Graphic representation of the dynamic form factors
d,(Kb) for an extremely oblate ellipsoid of revolution with the
major radius b. This figure should be compared with fig. 4.

m = 4mab*/3 and m, = mr’. Then, the radius of
gyration of the shell around its x-axis is given by
(RY) =[m(R) — m (R )/ (m—m)— (a® +
b*)/3 as r—1. We have (R) = b*/5 for oblate
(p>1) and a’/5 for prolate (0<p<=<1) el
lipsoids of revolution, and (R} = b°/3 for oblate
and a’/3 for prolate ellipsoidal shells.

Extremely oblate and prolate ellipsoids of revo-
lution correspond to a disc and a rod, respectively.
The dynamic form factors d4,,,(Kb) in eq. C9,
d,,,(Ka) in eq. C10 and d3,,(Kb) in eq. C13 can
easily be computed according to the algorithm
given in appendix B with very slight modifications.
Therefore, we give results graphically in figs. 6-10
for comparative purpose only.

Since 3j,(z2)/z =j,(z) + j,(z), we have the fol-
lowing relationship

dZm(Kv a, b)=d£m(K’ a, b)
1 .
+/]2(Z)P2m(€)d§
0
By use of an integral representation of the Neu-

mann function N, (z) (or the Bessel function of
the second kind) [9), we have for Kb > 0

di(Kb) = [w/(2Kb)] N,(Kb) + S(Kb)
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Fig. 8. Graphic representation of the dynamic form factors
d;(Kb) for an extremely oblate ellipsoidal shell of revolution
with the major radius b, The dashed parts have the negative
sign. This figure should also be compared with fig. 4.

where
S(Kb) =[1/( Kb)]fmexp(—Kb sinh ¢)d:

Since S(Kb)> 0 and dS(Kb)/I(Kb) <0, S(Kb)
is a rapidly and monotonically decreasing function
of Kb. Zero points of dj(Kb) are thus close to
those of N,(Kb) except for the first zero point of
the latter. Contrary to a,(X) for a disc, dj(Kb)
changes its sign in nearly the same way as Ny(Kb)
does. As shown in fig. 8, dj(Kb) and d5(Kb)
change their sign in the range 0 < Kb < 10. Mainly
due to these types of behavior, g,(Kb) and g,(Kb)
show much stronger fluctuating increases than
those of g,( X) and g,(X) in fig. 5. On the other
hand, d,(Kb) is positive and shows the first
minimum at Kb = 7.5. Mainly due to this behav-
ior, g,(Kb) and g,(Kb) for the extremely oblate
ellipsoid show slightly fluctuating increases. Quite
a variety in the K dependence of form factors for
different models arises solely from differences in
distribution of the scattering mass. We briefly
discuss this point.

First, we consider b,,(k), d,,(Ka) and
d5,.(Ka). For an ellipsoid defined by eq. Cl with
r=1, the mass density at z is given by m(z)=
ax2(=my?)=mb*[1 — (z/a)*]. The integration of
m(z) over z from —a to a gives the total mass

16 T

r/oKH

2f o -

lAOo 1
5
K2 and (Ka)? 100

Fig. 9. Graphic representation of the T/(D,K?) vs. K* rela-
tionship for a rod-like scatterer. Parameter values were D, =
3.61x10 % em?/s, Dy =564%10"% cm?/s, ® =312 s~ and
L = 300 nm (those for tobacco mosaic virus [8]). Curve a for a
rod ((R:) = L*/12) and for an extremely prolate ellipsoidal
shell of revolution ((Rz) = a?/3 with 2a = L); curve b for an
extremely prolate ellipsoid of revolution ((R Y =a?/5 with
2a=1L).

m = 4aqab*/3 of the ellipsoid. The normalized dis-
tribution, (z)= m(z)/m = (3/4a)[1 — (z/a)’]
with (3/4a)=1, is plotted in fig, 11a. If we as-
sume Kb <« 1 (i.e., an extremely prolate ellipsoid),
we have

a(K, ¢, t)= (l/m)/j m(z)exp(iKz¢)dz
=3j1(”)/“

where u = Kaé. This equation is the same as eq.
C4” with eq. C5”. For an ellipsoidal shell defined
by two ellipsoids with r=1 and r <1, we have
my(z)==b?[1 — (z/a)*} and m (z)==b?r’{1 -
(z/ar)?]. The total mass of the shell is given by
m’=m, —m, = (4mab®/3)1 - r®). For Kb<1,
we have

a(K. 0= (1/m")| [ mi(2Jexplikzt)dz

- ./_a, z)exp( 1Kz§)d2]
= [3)i(u) /u = r2(3j,(wr) /(ur )} /(1 = )

By putting r=1-8 (6=0) and by use of
dji(z)/dz =jy(z)—~2/,(z)/2z, we finally obtain
ford—0o0rr—1

a(K, & 1) =jo(u)
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08 L
0

2 50 2 100
X* and (Kb)

Fig. 10. Graphic representation of the I/(D,K?) vs. K?
relationship for a disc-like scatterer. Parameter values were
D;=1.458x10"% cm?/s, D;=0.979x10"% cm?/s, ©=16.9
s™! and R=295 nm. Curve a for an extremely oblate el-
lipsoidal shell of revolution ((Rg) = b1/3 with b= R); curve b
for a disc ((Rg) = R2/4); curve ¢ for an extremely oblate
ellipsoid of revolution (( RZ) = b*/5 with b = R).

which 1s the same as eq. C11 with eq. C5”. The
normalized distribution, m*(z) = [m,(z) —

m_(z)]/m’ with (3/4a) =1, is plotted in fig. 11a.
In the limit of » — 1, m°(z) is flat like a rod. Next,
we consider a,,,(X), d,,,(Kb) and d3,(Kb). The
thickness of an oblate ellipsoid at a point (x, y)is
given by 2z. Thus, the mass density (integrated
over z) is given by m(p)=2a[l — (p/b)*]"/?,
where x = p cos ¢ and y = p sin $. The total mass
is given by m=2afm(p)p dp = (4wab?/3). The
normalized distribution, m(p) = m(p)/m =

3/27b*)1 — (p/b)?*1V? with (3/27b%)=1, is
plotted in fig. 11b. For Ka <1 (or an extremely
oblate ellipsoid of revolution) we have

a(K. 8, 1)=(2n/m) ["m(p)Jo(Kp sin 6)p dp
= 3[”210(0 sin a)cos’a sin a da
0

where v = Kb sin @ and sin a = p/b. By use of the
formula [9,10]

/2 . .
f J,(v sin a)cos®** 'a sin’* 'a da
0

=20 IT(A+ 1) Jy i, (0)
(Rev,Re A> —1)

—_ e S (a)
) ! !
€ N\

0 a

. (b)

a‘_ S.
g

0 b P

Fig. 11. The normalized mass distribution (see text). (a) Mass
distribution for extremely prolate ellipsoid e and ellipsoidal
shell 5 of revolution along the z-axis; and (b) mass distribution
for extremely oblate ellipsoid e and ellipsoidal shell s of
revolution along the radial direction. Curves for shells were
drawn for r=1 and r = 0.95.

we have
a(K, 8, t)=3j(v)/v

The mass densities (integrated over z) at a point
(x, y) of ellipsoids of revolution with »=1 and
r <1 are given by m,(p)=2a[l — (p/b)?]'/? and
m(p) = 2ar[l — (p/br)?]'/?, respectively. The
total mass of the ellipsoidal shell is given by
m’® = (47ab?/3)(1 — r?). For Ka <« 1, we have

a(K,0,1)= (2W/m‘)[f0bm1(p)lo(1<p sin §)p dp

br .
= [ "me(0)Jo(Kp sin 8)p dp

= [34(0) /0= {3 (vr) /(o) }] /
(1-r?)

In the limit of » — 1, therefore, we have

a(K, 8, 1)=jy(v)

The normalized distribution, m’(p)=[m,(p)—
m (p)l/m’ with (3/2mb*)=1, is plotted in fig.
11b.

As discussed above, differences in mass distri-
bution give quite a different K dependence of
dynamic form factors as well as the values of radii
of gyration.
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